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Solid state superconducting devices coupled to coplanar transmission lines offer an exquisite architecture
for quantum optical phenomena probing as well as for quantum computation implementation, being the object
of intense theoretical and experimental investigation lately. In appropriate conditions the transmission line
radiation modes can get strongly coupled to a superconducting device with only two levels -for that reason called
artificial atom or qubit. Employing this system we propose a hybrid two-quantum bit gate encoding involving
quantum electromagnetic field qubit states prepared in a coplanar transmission line capacitively coupled to a
single charge qubit. Since dissipative effects are more drastic in the solid state qubit than in the field one, it
can be employed for storage of information, whose efficiency against the action of an ohmic bath show that this
encoding can be readily implemented with present day technology. We extend the investigation to generate
entanglement between several solid state qubits and the field qubit through the action of external classical
magnetic pulses.
PACS numbers: 03.67.Mn, 03.65.Ud, 03.65.Yz,
I. INTRODUCTION
Cavity Quantum Electrodynamics (QED) traditionally
deals with the interaction between quantized radiation fields
and two or more atomic levels. Many features can be simply
formulated by considering only two levels of the atomic sys-
tem and its interaction with a quantized field inside the dipole
approximation [1] as given by
H = ~ωca†a+ ~νaσz + ~gσx
(
a† + a
)
+Hγ +Hκ, (1)
where a(a†) are bosonic annihilation (creation) operators, νa
is the frequency of the atomic transition, g is the coupling
constant between atom-field, σz = |g〉 〈g| − |e〉 〈e|, σx =
|e〉 〈g| + |g〉 〈e|, where |g〉 is the ground atomic state, |e〉 is
the excited atomic state. In Eq. (1) Hγ is the Hamiltonian
employed for describing the relaxation of the system due to
the coupling of the atom to the modes of the vacuum, and Hκ
is the Hamiltonian responsible for the decay of the photons in
the cavity field. Important results within this model and in-
side the rotating wave approximation have been developed in
the past [1–3]. One particularly important result was the gen-
eration of superposition states obtained by Haroche’s group
since 1997 [4, 5], with Rydberg atoms in microwave cavities,
creating superposition states of coherent state of the field. In
order to generate superposition states, changes in populations
are undesirable for the operation. For this to be satisfied the
regime of strong dispersive interaction must be reached, pos-
sible only in the microwave spectrum of the radiation field and
involving Rydberg atoms, and more recently on circuit QED
[6, 7].
Circuit QED with superconducting devices has several ad-
vantages over cavity QED experiments involving Rydberg
atoms - With superconducting circuit elements the coherence
∗ opsn@ifi.unicamp.br
† marcos@ifi.unicamp.br
FIG. 1. (a) Schematic of the proposal, with the central transmission
line (resonator) capacitively coupled to the source and the drain of the
quantized electromagnetic radiation, and also coupled capacitively to
the solid state qubit. (b) Illustration of the detuning of the frequency
of the quantized radiation from the qubit transition frequency in the
blue detuned regime.
time of the field in transmission line resonators is very large;
there is a strong ”artificial atom”-field coupling, convenient
for the exchange of information. Thus, a regime of strong
dispersive interaction otherwise impossible to be attained in
experiments with atoms, as well as with quantum dots, can
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2be reached in a very convenient assembling into a chip. This
feature turns this system quite attractive for quantum informa-
tion processing [8, 9], and many proposal have been addressed
recently ( See e.g. [10–17] and references therein). The cir-
cuit corresponding to Eq.(1) is schematized in Fig. 1, where
a central resonator transmission line is capacitively coupled
to a charge qubit. The resonator is initially fed by an AC
field, so that a coherent field is stablished in a fundamental
mode, and the charge qubit transition frequency is adjusted by
a time dependent external classical magnetic flux. Usually the
field is the carrier for quantum information encoded in solid
state qubits, but it is possible to employ the field itself in the
encoding of qubits. For that one has to envision a good en-
coding in terms of a robust set of mutually orthogonal field
states. Unfortunately, single and zero photon (Fock) states are
too sensitive to dissipative effects [18, 19]. A better alterna-
tive is to employ a robust set of orthogonal superpositions of
coherent states, known as odd and even coherent states [20].
Those states have been historically proved hard to generate
[4, 21], but in principle they could be easily engineered in mi-
crowave fields in coplanar transmission lines as it has been
demonstrated recently [22]. Previously [14] we have demon-
strated an alternative proposal to generate a superposition of
coherent states of a microwave field in a transmission line res-
onator through the interaction with a single superconducting
charge qubit controlled by an external single classical mag-
netic pulse. By assuming a continuously varying magnetic
pulse the generation can be almost deterministic. Since at low
temperatures the dissipative effects over the field are almost
negligible during the time interval the superposition is gener-
ated, one obvious question would be on the potentiality of this
system for encoding quantum bits [20].
Assuming the circuit of Fig. 1 we ask wether this strong
regime can be optimally employed for a hybrid sort of quan-
tum computation, with the qubits distributed in field qubits
and solid states ones. Here we show a robust field qubit en-
coding in terms of a superposition of coherent state, allowing
a hybrid implementation of quantum computing with the addi-
tion of solid state charge qubits. We show some applications
of the encoding for both quantum computing and for gener-
ation of highly entangled states. The paper is organized as
follows. In Sec. II we describe the procedures to treat the
time-dependent state dynamics. In Sec. III we review the pro-
cedure to generate a field superposition of coherent states and
show how it can be employed for encoding a two-qubit quan-
tum gate can be implemented. In Sec IV we discuss how to
generate deterministic single qubit rotations. In Sec. V we
show how the procedures of Sec III can be extended to gener-
ate cluster states involving many solid state qubits. In Sec. VI
we analyze the system relaxation due to external coupling to
the environment. and finally in Sec VII a discussion concludes
the paper.
II. TIME-DEPENDENT STATE DYNAMICS
Let us consider the dynamics of the coherent state of ra-
diation at the central transmission line (resonator) of the Fig.
1. The procedures were detailed in Ref. [14], for a some-
what similar situation. We start our description by applying a
rotation over the atomic basis σz → σx and σx → −σz on
Eq. (1), so that we end up with the new basis (|+〉 and |−〉).
Moreover we apply a rotation exp
[
iωc
(
a†a+ σz
)
t
]
over the
atom and field Hamiltonian in order to describe it in a rotating
frame as
H ′ = ~∆(t)σz + ~g
(
σ˜+ + σ˜−
) (
a˜† + a˜
)
(2)
where a˜† = a† exp (iωct), a˜ = a exp (−iωct), σ˜+ =
σ+ exp (2iωct) and σ˜− = σ− exp (−2iωct). The detuning
of the radiation field to the atomic transition is given by
∆(t) ≡ EJ
~
cos
[
pi
Φx(t)
Φ0
]
− ωc, (3)
in terms of the time dependent classical magnetic flux, Φx(t),
externally applied to the SQUID of Fig. 1, the Josephson
energy EJ and the quantum of magnetic flux Φ0 = hc/2e.
Since a situation of very large to large detuning is always as-
sumed, we avoid the employment of a rotating wave approx-
imation. We employ a time-dependent perturbation theory,
withH0 = ~∆(t)σz and V SI = ~g (σ˜+ + σ˜−)
(
a˜† + a˜
)
, such
that H0 >> V SI . In our analysis consider that the field is al-
ways blue detuned from the atomic transition of frequency
νa(t) = (EJ/~) cos
[
piΦx(t)Φ0
]
, as shown in Fig. 1, where the
frequency of atomic transition levels will vary, due to the time
dependent magnetic pulse. With the extra condition of a num-
ber of less than one photon in the central transmission line, we
can make approximations so that we can transfer information
from the atom to the field with only a perturbation into the
atomic system.
The formal solution for the evolution operator reads as
U(t, t0) = 1 +
∞∑
n=1
1
(i~)n
∫ t
t0
dt1
∫ t1
t0
dt2 . . .
∫ tn−1
t0
dtn
×V˜ I(t1)V˜ I(t2) . . . V˜ I(tn), (4)
with V˜ I(t) ≡ U†0
{
g (σ˜+ + σ˜−)
(
a˜† + a˜
)}
U0, and
U0 = exp
[
iσz
∫ t
t0
dt
′
∆(t
′
)
]
.
For short times (See ref. [14]), and when the field in the cen-
tral line resonator is prepared in a coherent state |α〉 with an
average number of photons smaller than one, the following ap-
proximation can be made 1 + θ±(t)a†a ≈ e[θ±(t)a
†a], where
θ+(t) and θ−(t) are the respective contributions in the dynam-
ics of coherent state of radiation on the transmission line when
the artificial atom is in the states |+〉 e |−〉. The action of the
evolution operator over a initial state of the artificial atom and
a coherent state of the field can be approximated as (preserv-
ing terms up to second order of perturbation)
U(t)|−〉 |α〉 −→ |−〉 |α exp [θ−(t)]〉 , (5)
U(t)|+〉 |α〉 −→ |+〉 |α exp [θ+(t)]〉 . (6)
3For the present calculations we employ the following classical
magnetic flux,
Φx(t) =
AΦ0
2
exp [i(νt+ ϕ)] , (7)
whereA = 0, 7 is a strength parameter, and ν is made variable
to better study the model. Due to the presence of the imagi-
nary part of the pulse, the first order term on the expansion
remains small up to the first semi-period, thus not affecting
the dynamics. This contrasts to what was observed in [14]
with a real oscillatory pulse. Since the argument of Φx(t)(t) is
kept small we approximate cos
[
piΦx(t)Φ0
]
≈ 1−
(
piΦx(t)Φ0
)2
/2.
The appropriate regime for experimental implementation is
KBT << EJ << EC << δ, so for typical temperatures of
T ≈ 30mK, KBT ≈ 3µeV , EJ/~ ≈ 15, 9 × 1010Hz, and
the single electron charging energy EC = 250µeV . Here δ ≈
458, 3µeV is gap of the superconducting energy. The typical
frequency for the field is chosen as ωc = 70, 7× 1010Hz.
The real and imaginary part of the average 〈α,±|U(t =
(2ν)−1, n) |α,±〉 = 〈α|U±(t = (2ν)−1, n) |α〉 allows to
track the effectiveness of the approximation e[θ±(t)a
†a] for the
situation 1 + θ±(t)a†a. For a short time (short here is to be
considered until the first half period of oscillation of the classi-
cal magnetic field) and an average number of photons around
n¯ ≈ 0.4 − 0.5, the approximation is invariably good. For
shorter times than the half period of oscillation of the classical
magnetic flux the average photon can be increased. Other fre-
quency ν values in Φx(t) can be employed within the validity
of the approach, but do not change the properties mentioned,
being the difference only in the period of oscillation. This
is exemplified in Figs. (2) and (3), which show the variation
of eRe[θ−] and eRe[θ+], respectively, as a function of time for
two values of the classical magnetic flux frequency ν applied
over the artificial atom. The amplitude eRe[θ−] shows an os-
cillatory decay profile, with a frequency of oscillation lower
than the corresponding ν. At long times it stabilizes around a
very small amplitude value, which increases with ν, but still
remains very small. This same feature is not observed for
eRe[θ+]. Although oscillating at the same rate of the previous
case, it does not decay to a constant value. However since we
are always interested in a short time description, we can see
that the amplitude is oscillating around a fixed value, which
for practical purposes can be considered as constant.
Figs. (4) and (5) show the variation of the phase Im[θ−]
and Im[θ+], respectively, as a function of time for the same
two values of the frequency ν. The regime of ν = 0 is far
from the Stark A. C. [15] cumulative frequency due to large
detuning between the frequency of the radiation field of the
resonator and the frequency of transition of atomic energy lev-
els. What is seen here for ν 6= 0 is that for each half period
of the classical magnetic flux applied to the atom there is an
accumulated phase value pi to the phase Im[θ−]. In the case
of phase Im[θ+], the same situation dos not apply. So we
can say that the charge qubit and the field interaction imprint
information to the amplitude of the state |+〉, and the phase
for the state |−〉. Assembling these results, we can say that:
(i) The oscillation frequency ν of the pulse Φx(t) is determi-
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FIG. 2. Variation of the amplitude of the coherent state field eRe[θ−]
when the atomic state is |−〉 as a function of time for two values
of the frequency of the classical magnetic flow ν: red line for ν =
8× pi × 106Hz and black line for ν = 16× pi × 106Hz.
FIG. 3. Variation of the amplitude of the coherent state field eRe[θ+]
when the atomic state is |+〉 as a function of time for two values
of the frequency of the classical magnetic flow ν: red line for ν =
8× pi × 106Hz and black line for ν = 16× pi × 106Hz.
nant for the time to shut down the pulse itself for achieving a
required accumulated phase in one state |−〉. (ii) The phase
accumulated in a single atomic state |−〉 is related to the dif-
ference in frequency of the quantized radiation transmission
line frequency with the frequency of atomic transition. (iii) If
the detuning of the frequency of the quantized radiation trans-
mission line to the atomic transition frequency is very large
(the strongly dispersive regime), the dynamics of the accu-
mulated phase cannot assume a rotating wave approximation,
and can be well described via a time-dependent perturbation
theory. If the detuning of the frequency of the quantized ra-
diation transmission line to the atomic transition frequency is
very small (the strong resonant regime) the dynamics of the
accumulated phase can be properly described with a rotating
wave approximation, and is described like a A.C. Stark shift.
(iv) The phase ϕ in Eq. (7) is to adjust the approach nullifying
the first-order terms of the evolution operator at U(t = 1/2ν).
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FIG. 4. Change of the phase of the coherent state field Im[θ−] when
the atomic state is |−〉 as a function of time for two values of the
frequency of the classical magnetic flow ν: red line for ν = 8× pi×
106Hz and black line for ν = 16× pi × 106Hz.
FIG. 5. Change of the phase of the coherent state field Im[θ+]
when the atomic state is |+〉 as a function of time for two values
of the frequency of the classical magnetic flow ν: red line for ν =
8× pi × 106Hz and black line for ν = 16× pi × 106Hz.
This results in a slight delay in the accumulation of the phase
for |−〉.
III. ENCODING STATES AND TWO-QUBIT LOGICAL
OPERATIONS
The artificial atom, composed by only two levels is an ob-
vious charge qubit, where single qubit operations can be im-
plemented through a coupling to a classical radiation field,
when it is uncoupled from the central field resonator. We post-
pone this description to the next section, and consider now the
encoding of field qubits and 2-qubits operations, since they
are much simpler at this stage. We consider {|0〉, |1〉} =
{|g〉, |e〉} as the appropriate computational basis for the solid
state qubit. From now on we set in Φx(t), Eq. (7), a frequency
ν = 16pi × 106Hz during a time interval T = 62, 5ns (pulse
time length), to imprint a conditional phase over the field
coherent state, dependent on the state of the artificial atom.
Other frequencies can be applied during different times re-
sulting as well in the generation of other superposition states.
Previously to the pulse we prepare the artificial atom in the
ground state |0〉, here represented in the {|+〉 , |−〉} basis and
the field is considered in a coherent state
|ψ(0)〉 = |0〉 ⊗ |α〉 = 1√
2
(|−〉+ |+〉)⊗ |α〉 . (8)
With a pulse of T = 62, 5ns a pi phase is imprinted over the
field coherent state when the atom is in the |−〉 state so that
|ψ(T )〉 = 1√
2
(U(T ) |−〉 ⊗ |α〉+ U(T ) |+〉 ⊗ |α〉)
≈ 1√
2
(|−〉 ⊗ |−α〉+ |+〉 ⊗ |α〉), (9)
or writing in the old basis |0〉 e |1〉,
|ψ(T )〉 ≈ 1
2
[|0〉 ⊗ (|α〉+ |−α〉)
+|1〉 ⊗ (|−α〉 − |α〉)] , (10)
so that if the atom is detected in |0〉 the field is left in
the unnormalized state ˜|α+〉 = |α〉 + |−α〉, while if the
atom is detected in |1〉 the field is left in the unnormalized
state ˜|α−〉 = |−α〉 − |α〉. Normalizing with the appropri-
ate probability of detection of |0〉 or |1〉, given respectively
by P0(T ) = Tr {|0〉〈0|ψ(T )〉〈ψ(T )|} = (1 + e−2|α|2)/2,
and P1(T ) = Tr {|1〉〈1|ψ(T )〉〈ψ(T )|} = (1 − e−2|α|2)/2
we end up with the so-called even and odd coherent states,
|α+〉 = (|α〉 + |−α〉)/N+ and |α−〉 = (|−α〉 − |α〉)/N−,
respectively, withN± =
√
2(1± e−2|α|2). The measurement
on the artificial atom can be done by a single electron transis-
tor [8], and detection is fully probabilistic in eigenstate |0〉 or
|1〉.
The states |α+〉 and |α−〉 are orthogonal and can be though
to encode a field qubit [20] as
|0〉L≡ |α+〉, (11)
|1〉L≡ |α−〉. (12)
The advantage of this encoding is to be resilient to one photon
losses, since the only possible noise in this case is a symmetric
bit flip. This kind of errors are less demanding to be corrected
and one could think of these field qubits as the ones appro-
priate for information storage, while the solid state qubits are
mostly relevant for rapid processing. It is easy to see that the
normalized transformation
|0〉|α〉 → 1√
2
(|0〉|0〉L + |1〉|1〉L) , (13)
really corresponds to a probabilistic Hadamard gate over the
field qubit. By applying the pulse over the solid state qubit
again the state (13) returns to |0〉|α〉, with similar transforma-
tion if we have started with the solid state qubit in state |1〉.
In a similar fashion when a detection on the solid state qubit
population is followed by a second pulse a 2-qubit gate can be
5realized. Once the first classical magnetic pulse of magnetic
flux is applied over the charge qubit, leading to Eq. (13) we
can detect its the state as logical |0〉 or |1〉with equal probabil-
ity, and so the field qubit |0〉L or |1〉L state is generated. After
that generation, at a second stage we can prepare the charge
qubit into another state |0〉 or |1〉 and after combining all the
possible entries for both qubits we can apply a second pulse
(similarly to what is described in the last section) to obtain
|0〉 ⊗ |0〉L →
U(T )√
2
(|−〉+ |+〉)⊗ |0〉L → |0〉 ⊗ |0〉L
|1〉 ⊗ |0〉L →
U(T )√
2
(|−〉 − |+〉)⊗ |0〉L → |1〉 ⊗ |0〉L
|0〉 ⊗ |1〉L →
U(T )√
2
(|−〉+ |+〉)⊗ |1〉L → |1〉 ⊗ |1〉L
|1〉 ⊗ |1〉L︸ ︷︷ ︸
input
→ U(T )√
2
(|−〉 − |+〉)⊗ |1〉L → |0〉 ⊗ |1〉L︸ ︷︷ ︸
output
By comparing the input to the output we see that the action
FIG. 6. Capacitive coupling of two solid state qubits 1 and 2 to a
single transmission line.
of the second pulse over the system as completely analogous
to the CNOT gate, taking the field as a control qubit and the
charge qubit as a target.
Moreover, the CNOT between two distinct solid state qubits
can be implemented if previously (or after) to the CNOT op-
eration, described above, the field is made to interact in the
same way with a second solid state two-level artificial atom
(See Figs. 6 and 7). For that the classical magnetic pulse has
to be applied over this second solid state qubit only, in order
to avoid any interaction with the first solid state qubit. It is
straightforward to see that if this second qubit is initially pre-
pared in the |0〉2 state, after the interaction with the field qubit
it will be transformed as
|0〉2|0〉L −→ |0〉2|0〉L,
|0〉2|1〉L −→ |1〉2|1〉L. (14)
So now it is obvious that by looking only at the states of the
first and the second solid state qubit, after the interaction of
both with the field qubit, we en up with the CNOT truth table,
where the second qubit acts as the control
|0〉1 ⊗ |0〉2 → |0〉1 ⊗ |0〉2
|1〉1 ⊗ |0〉2 → |1〉1 ⊗ |0〉2
|0〉1 ⊗ |1〉2 → |1〉1 ⊗ |1〉2
|1〉1 ⊗ |1〉2 → |0〉1 ⊗ |1〉2
FIG. 7. Sequence of classical magnetic pulses over solid state qubits
1 and 2, for implementation of a field-induced CNOT gate. Time
duration of pulses are set to T = t1 − t0 = t3 − t2 = t4 − t3. The
time interval ∆tm = t2 − t1 is the duration of measurement over
qubit 1 for generation of the field superposition encoding state.
IV. TWO TRANSMISSION LINE COUPLED TO A QUBIT
AS A QUANTUM SWITCH - ONE QUBIT OPERATIONS
One-qubit operations over the solid state qubit can be per-
formed through their coupling to classical fields. It can only
be performed in the present proposal with the addition of a
second auxiliary classical field. That could be the radiation
of a secondary transmission line, capacitively coupled to the
qubit, or even a secondary classical mode of the same trans-
mission line. In this section will show the interaction between
a single solid state qubit and two radiation modes. This pro-
posal follows closely the discussion in reference [10]. The
Hamiltonian in the {|0〉, |1〉} reads as follows
H2 = ~ωaa†a+ EJcos
(
pi
Φx(t)
Φ0
)
σx + ~gaσz(a† + a)
+~ωbb†b+ ~gbσz(b† + b) + ~gab(a† + a)(b† + b),
where ga =
(
eCag /~(CJ + Cag )
) × √~ωa/Laca,
gb =
(
eCbg/~(CJ + Cbg)
) × √~ωb/Lbcb, gab =(
e2CagC
b
g/~(CJ + Cag )
) × √~2ωaωb/LaLbcacb. Cag
and Cbg are charges capacitances; CJ is the Josephson
capacitance; ωa and ωb are the frequencies of electromagnetic
field radiation modes, with respective La and Lb transmission
line lengths, being ca and cb the capacitance densities of the
transmission lines. For our case, the secondary transmission
line (or secondary mode of the same transmission line) has
a loss rate larger than the pump rate so that the radiation can
be considered as being classical, such as b → 〈b〉 e−iωbt and
b† → 〈b〉 eiωbt, and the Hamiltonian can be written as
H2 = ~ωaa†a+ ~ωb 〈b〉2 + EJcos
(
pi
Φx(t)
Φ0
)
σx
+~gaσz(a† + a) + 2~gb 〈b〉 cos(ωbt)σz
+2 〈b〉 ~gabcos(ωbt)(a† + a). (15)
6In that fashion the secondary mode serves as a classical pump
for the quantized radiation mode. For large transmission line
lengths (in our case, the order of cm) and small load capac-
itances, the two modes interaction given by gab can be ne-
glected, and the relevant Hamiltonian reads
H2 ≈ ~ωaa†a+ ~ωb 〈b〉2 + EJcos
(
pi
Φx(t)
Φ0
)
σx
+~gaσz(a† + a) + 2~gb 〈b〉 cos(ωbt)σz, (16)
and the solid state qubit can be rotated by varying the intensity
of the classical mode 〈b〉, such that ga  gb〈b〉. Since this
intensity is controlled by an external pump, it is easy to switch
this rotation on and off. One important possibility of the local
rotation is to perform the Hadamard quantum gate
∣∣(0
1
)〉 →
(|0〉 ± |1〉)/√2. An advantage of this secondary mode is the
possibility to indirectly implement one qubit rotations on the
field mode a as well. This is conditioned on the coupling of
both fields as well on the atomic detection.
V. GENERATION OFN + 1 QUBITS ENTANGLED STATES
By extension, it is possible to generalize the CNOT opera-
tion for several solid state qubits, in order to generate a highly
entangled state such as the ”cluster state” [23, 24]. This is
achieved by capacitively coupling N “artificial atoms” with a
single mode of electromagnetic radiation through the Hamil-
tonian
Hn = ~ωa†a+
N∑
j=1
EjJcos
[
pi
Φjx(t)
Φ0
]
σx
+~g
N∑
j=1
σjz(a
† + a)
+Hqq (17)
where Hqq = −
∑N−1
j=1 Hj is the interaction between qubit -
qubit, with
Hj =
4EjJE
j+1
J
EL
cos
[
piΦjx(t)
Φ0
]
cos
[
piΦj+1x (t)
Φ0
]
σjyσ
j+1
y ,
where EL = CJΦ20/Cqbpi
2L is the inductive energy between
two qubits and Cqb = CJCq/(CJ + Cq). For EL >>
EjJE
j+1
J , Hqq is far less significant than the other terms of
the Hamiltonian and can be neglected. Thus the system of
N charge qubits follows the same dynamical process for the
generation of superposition states for a single atom interacting
with a transmission line mode. Φjx(t) enables this simultane-
ous action over the N qubits, each one being similarly driven
by independent classical magnetic pulses as in equation (7).
Assuming that all the magnetic pulses are simultaneous, for
example, by starting from the initial state |000 . . . 0〉 |α〉, soon
after the application of the classical magnetics pulse Φjx(t) on
the N “artificial atoms”, during the same period T , we will
end up with a GHZ state of N + 1 qubits
|ψN (T )〉 = |00 . . . 0〉 |0〉L + (−1)N |11 . . . 1〉 |1〉L. (18)
FIG. 8. Schematics for generation of N entangled solid state qubits.
The central transmission line (resonator) is capacitively coupled to
the source and the drain of the quantized electromagnetic radiation,
and also coupled capacitively to N solid state qubit.
By applying independent and non-simultaneous Φjx(t) pulses,
with distinct periods and initial qubit states one can obtain
countless possible combinations of entangled states of theN+
1 qubits.
VI. SYSTEM RELAXATION
In the current experiments with superconducting devices
the decay time of the “artificial atoms” is much smaller than
the field lifetime in the transmission line, so this last one can
be neglected in a first instance. However the field coherence
is also affected indirectly, due to the interaction with the ar-
tificial atom. The decay in the atom is due to the inductive
character of the device, being characterized by an ohmic bath,
through the usual coupling of a bath of oscillators to the atom
(system) [25]. The study of this dissipative effect is well dis-
cussed in reference [8] and its consequences for our specific
problem in [14]. For our main interest, after the relaxation
time, all coherences will be destroyed and it extremely impor-
tant that measurements be performed after the pulse operation
and before the relaxation time of the system. Following Ref.
[14], when the artificial atom two discrete levels coupled to an
ohmic bath (allowing Markovian approximations on the solu-
tion of master equation), the probability to detect in in |0〉 or
|1〉 state is given by
P(01)
(t) = Tr
{
ρ(t)
∣∣∣∣(01
)〉〈(
0
1
)∣∣∣∣}
=
1
2
{tanh(Λ) + [1− tanh(Λ)] exp(−t/τr)
± cos(2EJ t/~) exp(−t/τϕ)} , (19)
while the atomic coherence is given by
PT (t) = Tr {ρ(t)σ+}
= −i sin (2EJ t/~) exp(−t/τϕ), (20)
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FIG. 9. (a) Probability of detection in the state, |0〉, P0(t) for the
first atom and P00(t), to the second atom for different temperatures,
the higher the temperature the higher the damping; (b) Probability of
detection in the state |1〉, P1(t) for the first atom and P11(t), for dif-
ferent temperatures, the higher the temperature the higher the damp-
ing; (c) Imaginary part of the probability of measurement of the off-
diagonal terms with different temperatures, the higher the tempera-
ture the higher the damping. The temperatures adopted were T = 10
mK (dashed blue-line), T = 20 mK (solid blue-line) and T = 40
mK (solid red-line).
where Λ ≡ 2E/2kBT , τr = [2piβEJ coth(Λ)/~]−1 is the
relaxation time and τϕ = [τ−1r /2 + 2piβkBT/~]−1 is the de-
phasing time, with β ≈ 0.001 a dimensionless parameter re-
flecting the strength of dissipation [8], and kBT is the thermal
energy, as usual. For our purposes EJ  kBT , tanh(Λ) ≈ 1
and so
P(01)
(t) =
1
2
[1± cos(2EJ t/~) exp(−t/τϕ)], (21)
reflecting the probability to detect the qubit in the state |0〉 or
|1〉, respectively, at an instant t after the classical magnetic
pulse. It is obvious that there is a high probability to find the
atom in the state |0〉 if the measurement is performed shortly
after the pulse (See Fig. 9). Both probabilities are very sen-
sitive to the increase of temperature, but more importantly is
that for longer times both probabilities go to 1/2. This means
that for the case of generation of the encoding field states,
there is an equiprobable chance to end with |0〉L or |1〉L. Also
for comparison we show in Fig. 9c the transition probability.
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FIG. 10. (a) Probability of measuring the atomic state in |0〉 after the
second magnetic pulse; (b) Probability of measuring the atomic state
in |1〉 after the second magnetic pulse, for α2 = 10.
In an optimistic experimental situation, where the decay
time for the solid qubit would be larger than the field qubit,
the dissipative effect over the coherence of the field can be
probed by population measurements on the state of the artifi-
cial atom. Assuming that the effects of the environment over
8the field qubit is given by the usual amplitude damping chan-
nel, emulating the effect of a thermal reservoir at zero temper-
ature [20, 26]. The coherence of the field is probed by con-
sidering that a second pulse of magnetic flux Φx(t) is applied
over the device after a time interval t [4] . Then, we measure
the probability of the solid state qubit to be in the state |0〉
or in the state |1〉. So if a second pulse is applied over the
solid state qubit after the first measurement has detected |0〉,
then we obtain the probability P00(t) for a subsequent detec-
tion on state |0〉 and P10(t) for detection on state |1〉. If is is
initially measured in state |0〉, for t/τκ ≤ 1 they are given by
Pj0(t) =
1
2
1 + (−1)j e−2|α|2e− tτκ + e−2|α|2
(
1−e−
t
τκ
)
1 + e−2|α|2
 ,
for j = 0, 1, and for t/τκ ≥ 1 both are given by
Pj0(t) =
1
2
1− e−2|α|2e− tτκ + e−2|α|2
(
1−e−
t
τκ
)
1 + e−2|α|2
 .
Fig. 10 shows the two probabilities for sequential detection,
which is reflected in the field qubit encoding states |0〉L and
|1〉L, depending on the time interval between the first detec-
tion and the second magnetic pulse. Since this second pulse
is the one being responsible for the CNOT operation, we see
that the success of the whole operation is very sensitive to the
decoherence effect.
VII. CONCLUSION
In conclusion we have derived a qubit encoding in terms
of a superposition of coherent states, allowing a hybrid im-
plementation of quantum computing involving a transmission
line radiation fields qubit and solid state charge qubits. We
presented some applications of the encoding for both quantum
computing and for generation of highly entangled states. For
that we employed a time dependent classical magnetic pulse
controlling the frequency of transition between two states of
the solid state qubit. A specific approach was developed in
which information can be transferred from the superconduct-
ing device to the field and back to the device, creating super-
position states of the coherent state of the resonator field. For
that some reasonable approximations were made: (i) the av-
erage number of photons in the encoding field must be small,
(ii) a range of very short time of operation must be imple-
mented, for both the generation of the field encoded qubit as
well as for the computational operations. This is performed
with a single perturbation on the qubit (a single pulse of mag-
netic flux). Analyzing the dissipation, the solid state qubits
are more sensitive to decoherence, being the decoherence time
related to the inverse of the temperature of the thermal reser-
voir. On the other hand, in an optimistic situation, if we con-
sider only the dissipation of the resonator, it possible to infer
on the coherence time for the filed qubit via a sequential two
pulses application followed by the solid state qubit population
measurement. For the present analysis we employed worst
experimental conditions, showing that our proposal could be
implemented with present day technology.
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